Global existence and decay for solutions of the Hele-Shaw flow with
  injection by Cheng, C. H. Arthur et al.
ar
X
iv
:1
20
8.
62
13
v1
  [
ma
th.
AP
]  
30
 A
ug
 20
12
GLOBAL EXISTENCE AND DECAY FOR SOLUTIONS OF THE
HELE-SHAW FLOW WITH INJECTION
C.H. ARTHUR CHENG, DANIEL COUTAND, AND STEVE SHKOLLER
Abstract. We study the global existence and decay to spherical equilibrium
of Hele-Shaw flows with surface tension. We prove that without injection of
fluid, perturbations of the sphere decay to zero exponentially fast. On the
other hand, with a time-dependent rate of fluid injection into the Hele-Shaw
cell, the distance from the moving boundary to an expanding sphere (with
time-dependent radius) also decays to zero but with an algebraic rate, which
depends on the injection rate of the fluid.
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1. Introduction
1.1. The problem statement. We establish decay estimates for solutions of the
Hele-Shaw equations with surface tension on the free-boundary, and with injection
of fluid into the cell. With the time-dependent fluid domain denoted by Ω(t), an
open subset of R2 with boundary Γ(t), and for time t ∈ [0, T ], the two-dimensional
Hele-Shaw equations are given by
∆p = −µδ in Ω(t) , (1a)
p = H on Γ(t) , (1b)
V(Γ(t)) = −∂p
∂n
on Γ(t) , (1c)
Ω(0) = Ω , (1d)
where δ is the Dirac delta function at the origin, p(x, t) denotes the fluid pressure,
µ = µ(t) denotes the rate of injection of fluid if µ ≥ 0 (or suction if µ ≤ 0), and
H is the (mean) curvature of the evolving free-boundary Γ(t). We use V(Γ(t)) to
1991 Mathematics Subject Classification. 35R35, 35K55, 76D27.
Key words and phrases. Hele-Shaw, interface problems, stability, Hele-Shaw free boundary
problems, surface tension.
1
2 C.H. A. CHENG, D. COUTAND, AND S. SHKOLLER
denote the normal velocity of the moving free-boundary Γ(t), and we let n denote
the outward-pointing unit normal on Γ(t).
When the injection rate µ 6≡ 0, the volume of the fluid domain |Ω(t)| can be
computed as
|Ω(t)| = π +
∫ t
0
µ(s)ds ≡ πρ(t)2, (2)
where ρ(t) ≡
√
1 +
∫ t
0
µ(s)
π
ds > 0 is the radius of a ball centered at the origin.
In fact, if the initial domain Ω = B1 ≡ B(0, 1), then the solution to (1) is given
explicitly by Ω(t) = B(0, ρ(t)), with pressure function
p(x, t) =
1
ρ(t)
+
µ(t)
2π
log
|x|
ρ(t)
.
We will show that under certain growth conditions on the injection rate µ(t), if
(1) the initial domain Ω is sufficiently close to the unit ball B1 ≡ B(0, 1) in R2
with |Ω| = |B1| = π;
(2) the center of mass of Ω is sufficiently close to the origin (which is the point
of injection),
then Ω(t) converges to Bρ ≡ B(0, ρ(t)) as t → ∞. The precise statement of our
result is given below in Theorem 1.1.
Of fundamental importance to our analysis is the conversion of the second-order
Poisson equation (1a) to a coupled system of first-order equations. Introducing the
velocity vector u = −∇p, equation (1) can be rewritten as
u+∇p = 0 in Ω(t) , (3a)
divu = µδ in Ω(t) , (3b)
p = H on Γ(t) , (3c)
V(Γ(t)) = u · n on Γ(t) , (3d)
Ω(0) = Ω . (3e)
1.2. Some prior results. In the case that fluid is not being injected into the
Hele-Shaw cell and µ = 0, Constantin & Pugh [2] established the stability and ex-
ponential decay of solutions of (1) using the methods of complex analysis. Friedman
and Reitich [6] also establish this stability result. In [1], Chen studied a two-phase
Hele-Shaw problem with surface tension, and established well-posedness using the
energy method coupled with certain pointwise estimates from the theory of har-
monic functions; moreover, he proved that solutions exist for all time if the initial
interface is a sufficiently small perturbation of equilibrium. Weak solutions have
been obtained by Elliott & Ockendon [3] and Gustafsson [7], and classical short-
time solutions to related problems have been obtained by Escher and Simonett [4]
in multiple space dimensions. In two dimensions, Escher and Simonett [5] establish
global existence and stability near spherical shapes using center manifold theory.
In the case of fluid injection where µ > 0, Prokert [8] and Vondenhoff [9] establish
global existence results in the case that the injection rate µ is a positive constant.
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1.3. Statement of main results. We propose a simple methodology (equally ap-
plicable in three space dimensions) for establishing global existence and decay to
equilibrium for time-dependent injection rates. Unlike the case of zero fluid in-
jection, the decay to equilibrium is not exponentially fast but, rather, algebraic.
We use an Arbitrary Eulerian Lagrangian (ALE) formulation to transform the
free-boundary problem (3) to a system of PDE on a fixed domain. This ALE trans-
formation depends on the signed height function h measuring the signed distance
between the moving surface Γ(t) and the expanding sphere Bρ(t). The idea behind
the proof is the construction of a (total) norm, denoted by ||| · |||T , which consists of
a norm ‖ · ‖X associated to energy estimates in sufficiently high-regularity Sobolev
spaces, and a norm ‖ · ‖Y associated to decay estimates in weaker topologies. The
total norm is given by
||| · |||T = sup
t∈[0,T ]
(‖ · ‖X +D(t)‖ · ‖Y )
for some function D(t)→∞ as t→∞. We shall prove that h satisfies
|||h|||T ≤ Cǫ+ |||h|||2pT (4)
for some integer p. The inequality (4) implies that if ǫ ( an upper bound of the initial
for a norm of the initial data h) is sufficiently small, then |||h|||T stays small for all
t ∈ [0, T ]; a standard continuation argument shows provides global existence and
the fact D(t) in front of the lower-order norm ‖ · ‖Y gives the decay to equilibrium.
The main results we establish in this paper are the following two theorems.
Theorem 1.1 (Stability for slow injection). Let (p,Ω(t)) be the solution to (1), h
denote the signed distance between Γ(t) = ∂Ω(t) and ∂Bρ with ρ(t) defined by (2),
and the center of mass of the initial domain Ω be the origin. If the injection rate
µ ≥ 0 is such that the corresponding radius ρ(t) satisfies
sup
t>0
ρ(k)(t)(1 + t)k
ρ(t)
<∞ k = 1, 2, and sup
t>0
ρ(t)
(1 + t)α
<∞ for some α ≤ 1
3
, (5)
then there exists an ǫ > 0 sufficiently small, such that the solution to (1) exists for
all time provided that ‖h0‖H6(S1) ≤ ǫ. Moreover, the signed distance h decays to
zero, and
‖h(t)‖H2.5(S1) ≤ Cρ(t)−2e−βd(t) ∀ t > 0 (6)
for some constant C > 0 and β ∈ (0, 7/8), where d(t) =
∫ t
0
6ds
ρ(s)3
.
Theorem 1.2 (Stability for fast injection). Let (p,Ω(t)) be the solution to (1), h
denote the signed distance between Γ(t) = ∂Ω(t) and ∂Bρ with ρ(t) defined by (2),
and (x0, y0) be the center of mass of the initial domain Ω. Suppose that µ ≥ 0 is
such that the corresponding ρ(t) satisfies
sup
t>0
ρ ′(t)(1 + t)
ρ(t)
<∞ and ν ≡ sup
{
α
∣∣∣ sup
t>0
(1 + t)α
ρ(t)
<∞
}
>
3
8
(7)
as well as one of the following conditions:
(1) ρ ′′ ≤ 0 or (2) log ρ ′ has small enough total variation.
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Then there exists an ǫ > 0 sufficiently small, such that the solution to (1) exists for
all time provided that ‖h0‖HK(S1) ≤ ǫ with K defined by K = max
{
6,
[64ν − 21
16ν − 6
]
+
1
}
. Moreover, the signed distance h decays to zero, and
‖h(t)‖H2.5(S1) ≤ C
√
1 + t
ρ(t)2
∀ t > 0 (8)
for some constant C > 0.
In the following discussion, we define
D(t) =


ρ(t)2eβd(t) if (5) is satisfied,
ρ(t)2√
1 + t
if (7) is satisfied.
(9)
Then (6) and (8) can be summarized as
D(t)‖h(t)‖H2.5(S1) ≤ C ∀ t > 0 (10)
for some constant C > 0.
Remark 1.3. In Theorem 1.2, the sufficient condition ‖h0‖Hk(S1) ≤ ǫ which guar-
antees the existence of the global-in-time solution also suggests that the center of
mass cannot be too far from the point of injection.
Remark 1.4. Assumption (5) limits the injection rate of the fluid. In this case,
the location of the center of mass of the initial domain is crucial for the stability
result, and Theorem 1.1 states that stability holds when the center of mass of the
initial domain and the point of injection are identical.
On the other hand, when (7) is valid, the injection is fast enough so that even if
the center of mass of the initial domain is different from (but close to) the point of
injection, the stability result holds.
Remark 1.5. Suppose that (7) is satisfied. By Gronwall’s inequality, the condition
ρ′(t) ≤ Cρ(t)(1 + t)−1 for some constant C > 0,
implies that ν <∞. Then for each 0 < ε≪ 1, there exists C1 and C2 such that
(1 + t)ν−ε
ρ(t)
≤ 1
C1
and
(1 + t)ν+ε
ρ(t)
≥ 1
C2
∀ t > 0
so that
C1(1 + t)
ν−ε ≤ ρ(t) ≤ C2(1 + t)ν+ε ∀ t > 0. (11)
Consequently, ρ(t)2−
1
2ν− ≤ D(t), where we use the notation ν± to denote ν ± ε
whenever 0 < ε ≪ 1. We will make crucial use of the integrability of certain
functions of these bounds.
When µ = 0, ρ(t) = 1 so (5) holds. Theorem 1.1 implies that the distance from
the moving boundary Γ(t) to the boundary of the equilibrium state (wherein the
boundary is the unit circle) decays to zero exponentially, which is result that was
obtained by [1],[2], [6], and [5], but with more conditions on the data.
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When µ is a positive constant, we have ρ(t) =
√
1 + µπ t. For this case, Vonden-
hoff [9] provides a decay estimate for a rescaled function:∥∥h
ρ
∥∥
H6(S1)
≤ Cρ−α ∀ α ∈ (0, 1) and t > 0 ,
but this, in fact, shows that
∥∥h∥∥
H6(S1)
∼ t(1−α)/2 for large t > 0 and hence the
perturbation may actually grow in time.
In contrast, for the case of constant injection, our Theorem 1.2 shows that
‖h(t)‖H2.5(S1) ≤ Cρ(t)−1 ∀ t > 0
which is the first result proving the decay rate of the actual height function of the
perturbation of the sphere. With the rescaled variable,∥∥h
ρ
∥∥
H6(S1)
≤ Cρ(t)−2 ∀ t > 0 .
Moreover, our theorem applies to time-dependent injection rates, and thus gener-
alizes the results of [8] and [9].
1.4. Outline. In Section 2, we derive the evolution equation for the signed height
function h and define the corresponding ALE map ψ, which we use to pull-back
the equations onto the fixed domain B1. In Section 4, we derive some inequalities,
fundamental for our subsequent analysis.
In Section 5, an estimate of the type
D(t)‖h(t)‖H2.5(S1) ≤ C
[
‖h0‖2H2.5(S1) + |||h|||2T + |||h|||8T
]
∀ t ∈ [0, T ] (12)
is derived using the decay property of the linearized problem, where [0, T ] is the
time interval of the existence of the solution. We combine this with energy estimates
for h in a higher-order Sobolev spaces in Section 6, from which we obtain[ ∫ T
0
1
ρ(t)3
‖h(t)‖2HK+1.5(S1)dt
] 1
2
+ sup
t∈[0,T ]
[
‖h(t)‖HK(S1)+ ρ(t)
√
ρ ′(t)‖h(t)‖HK−1(S1)
]
≤ CδM(‖h0‖H6(S1)) + Cδ|||h|||2TP
(|||h|||2T )+ δ|||h|||T (13)
for some polynomial P . Finally, in Section 7, we show how the decay estimate (12)
together with our energy estimate (13) leads to Theorem 1.1 and 1.2.
2. The Arbitrary Eulerian-Lagrangian (ALE) formulation
We let S1 = ∂B1 denote the boundary of the unit ball, and parametrize S
1 using
the usual angular variable θ. For each θ ∈ S1, let h(θ, t) denote the signed distance
from Γ(t) to ∂B(0, ρ(t)), where the sign of h is taken positive if for x(θ, t) ∈ Γ(t),
|x(θ, t)| > ρ(t) and taken negative if |x(θ, t)| < ρ(t). In other words, Γ(t) can be
parametrized by the equation
x(θ, t) = (x(θ, t), y(θ, t)) =
(
ρ(t) + h(θ, t)
)
N(θ) ∀ θ ∈ S1 , (14)
where N(θ) = (cos θ, sin θ) is the outward-pointing unit normal to B1.
Let T(θ) = (− sin θ, cos θ) be the tangent vector on S1. Then the outward-
pointing unit normal at the point (x(θ, t), y(θ, t)) is
n(θ, t) = J−1
h
(θ, t)
[(
ρ(t) + h(θ, t)
)
N(θ)− hθ(θ, t)T(θ)
]
, (15)
where Jh(θ, t) =
√
(ρ(t) + h(θ, t))2 + hθ(θ, t)2.
6 C.H. A. CHENG, D. COUTAND, AND S. SHKOLLER
Let Φ : R2 × (0, T )→ R denote the level-set function defined by
Φ(x, t) =
1
2
[
|x|2 −
(
ρ(t) + h
(
tan−1
y
x
, t
))2]
.
Then Φ has the property that Γ(t) ≡ {(x, y) ∈ R2 ∣∣Φ(x, y, t) = 0}. Since the
boundary is moving with the fluid velocity, Φ satisfies the transport equation
Φt(x(θ, t), t) + u(x(θ, t), t) · (∇Φ)(x(θ, t), t) = 0 on S1 × (0, T )
which implies that h satisfies
−(ρ+ h)(ρ ′ + ht) + u(x) ·
[
(ρ+ h)N− hθT
]
= 0 on S1 × (0, T )
or after rearrangement,
ht(θ, t) + ρ
′(t) = v(θ, t) · N (θ, t) on S1 × (0, T ), (16)
where v(θ, t) = u(x(θ, t), t), and
N (θ, t) ≡ N(θ) − hθ(θ, t)
ρ(t) + h(θ, t)
T(θ). (17)
In addition, we note that with respect to the height function h, the mean cur-
vature is given by
Hh(x) =
−(ρ+ h)hθθ + (ρ+ h)2 + 2h2θ[
(ρ+ h)2 + h2θ
]3/2
=
−(ρ+ h)hθθ + J2h + h2θ
J3
h
on S1 × (0, T ). (18)
2.1. A divergence-free velocity. When h0 = 0 so that Ω = B1, the solution to
the Hele-Shaw equation (3) is given by Ω(t) = B(0, ρ(t)),
p¯(x, t) =
1
ρ(t)
− µ(t)
2π
log
|x|
ρ(t)
, u¯(x, t) =
µ(t)
2π
x
|x|2 .
In order to have a divergence-free velocity field, we introduce the new variables
u = u− u¯ and p = p− p¯, so that (3) is converted to
u+∇p = 0 in Ω(t), (19a)
divu = 0 in Ω(t), (19b)
p = H− p¯ on Γ(t). (19c)
2.2. The ALE formulation. Let ψ(·, t) denote the ALE mapping, taking B1 to
Ω(t), defined as the solution to the elliptic equation
∆ψ = 0 in B1, (20a)
ψ = x on S1, (20b)
where we recall that x = (ρ + h)N on S1. When the perturbation h is close to
zero, elliptic estimates and the inverse function theorem show that ψ(t) = ψ(·, t)
is a diffeomorphism, and Ω(t) = ψ(t)(B1). By introducing the ALE variables
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v = u ◦ψ, q = p ◦ψ, q¯ = p¯ ◦ψ, and A = ∇ψ−1, we find that (19) can be rewritten
on the fixed domain as
vi +Ajkq,j = 0 in B1, (21a)
Ajiv
i,j = 0 in B1, (21b)
q = Hh(x)− q¯ on S1, (21c)
ht + ρ
′ = v · N (θ, t) on S1, (21d)
where Hh(x) is given by (18) and N is defined in (17).
2.3. The vector JATN. Let J = det(∇ψ). Since ψ(θ, t) = (ρ(t) + h(θ, t))N(θ) on
S1, we find that
JATN =
[
ψ2,2 −ψ2,1
−ψ1,2 ψ1,1
] [
N1
N2
]
=
[
ψ2,1 ψ
2,2
−ψ1,1 −ψ1,2
] [
T1
T2
]
=
[∂ψ2
∂T
,−∂ψ
1
∂T
]T
=
[∂ψ2
∂θ
,−∂ψ
1
∂θ
]T
=
[
hθ sin θ + (ρ+ h) cos θ,−hθ cos θ + (ρ+ h) sin θ
]T
= (ρ+ h)N− hθT = (ρ+ h)N (θ). (22)
2.4. Linearization about the unperturbed state h ≡ 0. When h0 = 0, h = 0
for all t > 0, in which case, ψ(x, t) = ρ(t)x and A = ρ−1Id. Therefore, we may
decompose (21a,b) into a linear term and a nonlinear remainder as
v + ρ−1∇q = f1 in B1 × (0, T ), (23a)
divv = f2 in B1 × (0, T ), (23b)
where
f i1 = (ρ
−1δji −Aji )q,j and f2 = (δji − ρAji )vi,j .
In order to determine the linear operator associated to the boundary condition
(21c), we multiply both sides of (21c) by ρ−2(ρ+ h)−1J3
h
, and find that
q =
1
ρ2
[
− hθθ + ρ+ h+ h
2
θ
ρ+ h
]
− (γ + 1)q¯− γq, (24)
where
γ = ρ−2(ρ+ h)−1J3
h
− 1 = J
6
h
− ρ4(ρ+ h)2
ρ2(ρ+ h)
[
J3
h
+ ρ2(ρ+ h)
]
=
(ρ+ h)2(4ρ3h+ 6ρ2h2 + 4ρh3 + h4) + 3(ρ+ h)4h2θ + 3(ρ+ h)
2h4θ + h
6
θ
ρ2(ρ+ h)
[
J3
h
+ ρ2(ρ+ h)
] .
We remark that
γ =
2h
ρ
+ g,
for some g = O(h2 + h2θ). Since
q¯ =
1
ρ
− µ
2π
log
(ρ+ h
ρ
)
=
1
ρ
− µ
2π
log
(
1 +
h
ρ
)
,
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a Taylor expansion in h/ρ ≪ 1 shows that q¯ ≈ 1
ρ
− µh
2πρ
= ρ−1 − ρ ′h; thus by
writing q¯ = q¯+ ρ−1 − ρ ′h, where
q¯ = − µ
2π
log
(
1 +
h
ρ
)
+
µh
2πρ
= − µ
2π
[
log
(
1 +
h
ρ
)
− h
ρ
]
,
we may write (24) as
q = − 1
ρ2
[
hθθ + h
]
+ ρ ′h− γq+ E on S1 × (0, T ), (23c)
where E denotes an error-term given by
E = h
2
θ
ρ2(ρ+ h)
− (γ + 1)q¯+ γρ ′h− g
ρ
.
2.5. A homogeneous version of (23). We can now define a new velocity field
which is divergence-free. Let f1 = w+ ρ
−1∇r, where r is the zero-average solution
to the following elliptic equation
ρ−1∆r = divf1 − f2 in B1 , (25a)
ρ−1
∂ r
∂N
= f1 ·N− 1
2π
∫
B1
f2 dx on S
1 . (25b)
We remark that the solvability of (25) is guaranteed by the solvability condition∫
B1
(divf1 − f2) dx =
∫ 2π
0
(
f1 ·N− 1
2π
∫
B1
f2 dx
)
dθ.
Let v = v−w, and q = q− r. By (25a) we find that divw1 = f2; thus (23) implies
that
v + ρ−1∇q = 0 in B1 × (0, T ) , (26a)
divv = 0 in B1 × (0, T ) , (26b)
q = −hθθ
ρ2
− h
ρ2
+ ρ ′h− γq+G on S1 × (0, T ) , (26c)
where G = E − r. We note that on S1,
v · N = (v − w) · N = ht + ρ ′ + hθ(w · T)
ρ+ h
− (w · N)
= ht + ρ
′ +
hθ(w · T)
ρ+ h
− 1
2π
∫
B1
f2 dx. (27)
3. The total norm and the basic assumptions used for our decay
estimates
We first define the total norm ||| · |||T , used to establish (4), as follows:
|||h|||T ≡
[ ∫ T
0
1
ρ(t)3
‖h(t)‖2HK+1.5(S1)dt
] 1
2
+ sup
t∈[0,T ]
[
‖h(t)‖HK(S1)+ ρ(t)
√
ρ ′(t)‖h(t)‖HK−1(S1)+D(t)‖h(t)‖H2.5(S1)
]
,
(28)
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where K = 6 if (5) is satisfied or K =
[64µ− 21
16µ− 6
]
+ 1 if (7) is satisfied, and we
recall that D(t) is defined in (9) by
D(t) =


ρ(t)2eβd(t) if (5) is satisfied,
ρ(t)2√
1 + t
if (7) is satisfied.
We remark that once the boundedness of |||h|||T is established, ‖h‖H2.5(S1) decays
to zero at the rate D(t)−1. Throughout the rest of the paper, we assume that ρ
satisfies the condition (5) or (7); that is,
sup
t>0
ρ(k)(t)(1 + t)k
ρ(t)
<∞ k = 1, 2, and sup
t>0
ρ(t)
(1 + t)α
<∞ for some α ≤ 1
3
(5)
or
sup
t>0
ρ ′(t)(1 + t)
ρ(t)
<∞ and ν ≡ sup
{
α
∣∣∣ sup
t>0
(1 + t)α
ρ(t)
<∞
}
>
3
8
. (7)
Moreover, we make the following basic assumption: for t ∈ [0, T ] and for sufficiently
small positive constants ǫ and σ to be made precise later,
‖h(t)‖HK(S1) +D(t)‖h(t)‖H2.5(S1) ≤ σ ≪ 1 and ‖h0‖HK(S1) ≤ ǫ≪ 1. (29)
(We will prove that (29) indeed holds whenever the initial data is sufficiently small.)
4. A priori estimates
4.1. Estimates of ψ. Under assumption (29), elliptic estimates show that
‖∇ψ − ρId‖L∞(B1) ≤ C‖∇ψ − ρId‖H1.5(B1) ≤ C‖h‖H2(S1) (30)
and for 1 ≤ s ≤ K− 1,
‖D2ψ‖Hs(B1) ≤ C‖h‖Hs+1.5(S1). (31)
Estimate (30) implies that
‖ρA− Id‖L∞(B1) = ‖(ρId−∇ψ)A‖L∞(B1) ≤ C‖A‖L∞(B1)‖h‖H2(S1)
≤ Cρ−1
[
‖ρA− Id‖L∞(B1) + 1
]
‖h‖H2(S1);
thus under assumption (29),
‖ρA− Id‖L∞(B1) ≤ Cρ−1‖h‖H2(S1). (32)
Note that (30) and (32) together imply that for 0 ≤ s ≤ K − 2,
‖DA‖Hs(B1) ≤ Cρ−2‖h‖Hs+1.5(S1). (33)
Furthermore, with J ≡ det(∇ψ), inequality (30) implies that
‖J− ρ2‖L∞(B1) ≤ C‖h‖H2(S1) (34)
and (32) and (33) together with (34) shows that
‖DJ‖Hs(B1) ≤ Cρ‖h‖Hs+1.5(S1) , (35)
from which it follows that for 0 ≤ s ≤ K− 2,
‖D(JA)‖Hs(B1) ≤ C‖h‖Hs+1.5(S1). (36)
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4.2. Estimates of q¯ and q¯. Recall that q¯ = − µ
2π
[
log
(
1 +
h
ρ
)
− h
ρ
]
. Since∣∣ log(1 + x)− x∣∣ ≤ x2 if |x| < 0.5, and
∂¯q¯ =
ρ ′h∂¯h
ρ+ h
,
we find that with the basic assumption (29), for 1 ≤ s ≤ K− 2.5,
‖q¯‖Hs(S1) ≤ Cρ ′ρ−1‖h‖H2(S1)‖h‖Hs(S1). (37)
Since q¯ = q¯+ ρ−1 − ρ ′h,
‖q¯‖Hs(S1) ≤ C
[
ρ−1
(
1 + ‖h‖H2(S1)‖h‖Hs(S1)
)
+ ρ ′‖h‖Hs(S1)
]
. (38)
4.3. Estimates of f1 and f2. By the definition of f1 and f2, for s ≥ 1,
‖f1‖Hs(B1) ≤ Cρ−2
[
‖h‖Hs+1(S1)‖q‖H1.5(B1) + ‖h‖H2(S1)‖q‖Hs+1(B1)
]
(39)
and
‖f2‖Hs−1(B1) ≤ Cρ−1
[
‖h‖Hs+1(S1)‖v‖H1.5(B1) + ‖h‖H2(S1)‖v‖Hs(B1)
]
. (40)
4.4. Estimates of q. Before proceeding to the estimate of q, we remark that since
E = h
2
θ
ρ2(ρ+ h)
− (γ + 1)q¯+ γρ ′h− 1
ρ
g ,
by (37) we obtain that
‖E‖Hs+0.5(S1) ≤ C 1 + ρ
′
ρ
‖h‖H2(S1)
[
‖h‖Hs+0.5(S1) + ρ−2‖h‖Hs+2.5(S1)
]
. (41)
Note that q satisfies
∆q = ρ
[
divf1 − f2
]
in B1 × (0, T ), (42a)
q = −hθθ
ρ2
− h
ρ2
+ ρ ′h− γq+ E on S1 × (0, T ). (42b)
Elliptic estimates together with (38)-(41) then show that
‖q‖H2(B1) ≤ C
[
ρ
(‖f1‖H1(B1)+ ‖f2‖L2(B1))+ ρ−2‖h‖H3.5(S1)+ ρ ′‖h‖H1.5(S1)
+ ‖γq‖H1.5(S1)+ ‖E‖H1.5(S1)
]
≤ C
[
‖h‖H2(S1)
(‖q‖H2(B1)+ ‖v‖H1(B1))+ ρ−2‖h‖H3.5(S1)+ ρ ′‖h‖H1.5(S1)
+ ‖h‖H2(S1)‖h‖H1.5(S1)+ ρ−2‖h‖H2(S1)‖h‖H2.5(S1)+ ‖γq‖H1.5(S1)
]
.
Since
‖v‖H1(B1) ≤ ρ−1‖q‖H2(B1) + ‖f1‖H1(B1) ≤ C
(
ρ−1 + ‖h‖H2(S1)
)‖q‖H2(B1),
‖γq‖H1.5(S1) ≤ C
[
ρ−1‖h‖H1.5(S1) + ρ−2‖h‖2H2.5(S1)
]
‖q‖H2(B1),
by assumption (29) we find that
‖q‖H2(B1) ≤ C
[
ρ−2‖h‖H3.5(S1) + ρ ′‖h‖H1.5(S1)
]
.
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Similarly, elliptic estimates also show that for integers 1 ≤ k ≤ K − 1,
‖q‖Hk+1(B1) ≤ C
[
ρ−1‖h‖Hk+1(S1)
(‖q‖H1.5(B1) + ‖v‖H1.5(B1))
+ ρ−1‖h‖H2(S1)
(‖q‖Hk+1(B1) + ‖v‖Hk(B1))
+ ρ−2‖h‖Hk+2.5(S1) + ρ ′‖h‖Hk+0.5(S1) + ‖h‖H2(S1)‖h‖Hk(S1)
+ ρ−2‖h‖H2(S1)‖h‖Hk+1.5(S1)
]
+ C‖γq‖Hk+0.5(S1).
Since
‖v‖Hs(B1) ≤ ρ−1‖q‖Hs+1(B1) + ‖f1‖Hs(B1)
≤ Cρ−1
[
‖q‖Hs+1(B1) + ‖h‖H3.5(S1)‖h‖Hs+1(S1)
]
,
and
‖γq‖Hs+0.5(S1) ≤ C
[
‖γ‖H1(S1)‖q‖Hs+1(B1) + ‖γ‖Hs+0.5(S1)‖q‖H1.5(B1)
]
≤ C
[(
ρ−1‖h‖H1(S1) + ρ−2‖h‖2H2(S1)
)‖q‖Hs+1(B1) (43)
+ ρ−1‖h‖Hs+0.5(S1) + ρ−2‖h‖H2(S1)‖h‖Hs+1.5(S1)‖h‖H3.5(S1)
]
,
we conclude that
‖q‖Hk+1(B1) ≤ C
[
ρ−2‖h‖Hk+1(S1)‖q‖H3(B1) + ρ−1‖h‖H3.5(S1)‖h‖Hk+1(S1)
+ ρ−2‖h‖Hk+2.5(S1) + ρ ′‖h‖Hk+0.5(S1) + ‖h‖H2(S1)‖h‖Hk(S1)
+ ρ−2‖h‖H2(S1)‖h‖Hk+1.5(S1)
]
.
In particular, when k = 2, using our basic assumption (29), we obtain that
‖q‖H3(B1) ≤ C
[
ρ−1‖h‖H3.5(S1)‖h‖H3(S1)
+ ρ−2‖h‖H4.5(S1) + ρ ′‖h‖H2.5(S1) + ‖h‖2H2(S1)
+ ρ−2‖h‖H2(S1)‖h‖H3.5(S1)
]
and is hence made small by (29). This, in turn, implies that
‖v‖Hk(B1) + ρ−1‖q‖Hk+1(B1) ≤ C
[
ρ−2‖h‖H4.5(S1)‖h‖Hk+1(S1) + ρ−3‖h‖Hk+2.5(S1)
+
ρ ′
ρ
‖h‖Hk+0.5(S1) + ρ−3‖h‖H2(S1)‖h‖Hk+1.5(S1)
]
≤ Cρ−1
[
‖h‖Hk+2.5(S1) + ρ ′‖h‖Hk+0.5(S1)
]
. (44)
Consequently,
‖f1‖Hs(B1) + ‖f2‖Hs−1(B1)
≤ Cρ−2
[
‖h‖Hs+2.5(S1) + ρ ′‖h‖Hs+0.5(S1)
] (45)
for 1 ≤ s ≤ K − 2, where we have used the basic assumption ‖h‖H2.5(S1) ≤ σ.
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4.5. Estimates of r and w. Applying elliptic estimates to (25), using (45) we find
that
‖r‖Hs+1(B1) ≤ Cρ−1
[
‖f1‖Hs(B1) + ‖f2‖Hs−1(B1)
]
≤ Cρ−3‖h‖H2.5(S1)
[
‖h‖Hs+2.5(S1) + ρ ′‖h‖Hs+0.5(S1)
]
. (46)
Since w = f1 −∇r, we also obtain that
‖w‖Hs(B1) ≤ ‖f1‖Hs(B1) + ‖r‖Hs+1(B1)
≤ Cρ−2‖h‖H2.5(S1)
[
‖h‖Hs+2.5(S1) + ρ ′‖h‖Hs+0.5(S1)
]
.. (47)
4.6. Estimates of v and q in terms of h. Since v = v − w and q = q− r,
‖v‖Hs(B1) + ρ−1‖q‖Hs+1(B1)
≤ ‖v‖Hs(B1) + ‖w‖Hs(B1) + ρ−1‖q‖Hs+1(B1) + ρ−1‖r‖Hs+1(B1)
≤ Cρ−1
[
‖h‖Hs+2.5(S1) + ρ ′‖h‖Hs+0.5(S1)
]
. (48)
Moreover, since ∇q = ρv = ρv − ρw,
‖q‖Hs+1(B1) ≤ ρ
[‖v‖Hs(B1) + ‖w‖Hs(B1)]+ ‖q‖H2(B1)
≤ ρ‖v‖Hs(B1) + C
[
‖h‖H2.5(S1) + ρ ′‖h‖H0.5(S1)
]
which together with (46) further implies that
‖q‖Hs+1(B1) ≤ ρ‖v‖Hs(B1) + C
[
‖h‖H2.5(S1) + ρ ′‖h‖H0.5(S1)
]
+ Cρ−3‖h‖H2.5(S1)
[
‖h‖Hs+2.5(S1) + ρ ′‖h‖Hs+0.5(S1)
]
.
Therefore,
‖q‖Hs+1(B1)
≤ ρ‖v‖Hs(B1) + C(1 + ρ ′)
[
‖h‖H2.5(S1) + ρ−3‖h‖H2.5(S1)‖h‖Hs+2.5(S1)
]
.
(49)
On the other hand, we also have
‖∇q‖Hs(B1) ≤ ‖(ρAT − Id)∇q‖Hs(B1) + ρ‖AT∇q‖Hs(B1)
≤ ρ‖v‖Hs(B1)+ C
[
‖Id− ρA‖L∞(S1)‖∇q‖Hs(B1)+ ρ‖DA‖W s−1,4(B1)‖∇q‖L4(B1)
]
;
thus by estimates (32), (33) and assumption (29) we find that for 1 ≤ s ≤ K− 1,
‖∇q‖Hs+1(B1) ≤ ρ‖v‖Hs(B1). (50)
4.7. Elliptic estimates for the height function h. We may rewrite the bound-
ary condition (26c) as
−hθθ + ρ2ρ ′h = h+ ρ2
[
q+ γq− E].
Elliptic estimates then imply that for 1 ≤ s ≤ K − 1,
‖h‖2Hs+2.5(S1) + ρ2ρ ′‖h‖2Hs+1.5(S1)
≤ C‖h‖2Hs+0.5(S1) + ρ4
[
‖q‖2Hs+1(B1) + ‖γq‖2Hs+1(B1) + ‖E‖2Hs+0.5(S1)
]
;
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thus by (41), (43), (46) and (49) together with the smallness of ‖h‖H6(S1), as well
as the boundedness of ρ ′/ρ, we find that
‖h‖2Hs+2.5(S1) + ρ2ρ ′‖h‖2Hs+1.5(S1) ≤ C
[
ρ6‖v‖2Hs(B1) + ‖h‖2Hs+1.5(S1)
+ ρ2‖h‖2Hs+0.5(S1) + ρ4(1 + ρ ′2)‖h‖2H2.5(S1)
]
.
It then follows that for 1 ≤ s ≤ K− 1,
ρ−3‖h‖2Hs+2.5(S1) ≤ C
[
ρ3‖v‖2Hs(B1)+
(
ρ−3 + ρρ ′2
)‖h‖2H2.5(S1)]. (51)
4.8. An elliptic estimate via the Hodge decomposition.
Lemma 4.1. Suppose that v ∈ L2(B1) satisfies divv = curlv = 0, and the tan-
gential derivatives ∂¯ℓv ∈ L2(B1) for all ℓ = 1, 2 · · · , k. Then v ∈ Hk(B1) and
satisfies
‖v‖Hk(B1) ≤ C
k∑
j=0
‖∂¯jv‖L2(B1). (52)
Proof. For k ∈ N,
‖v‖Hk(B1) ≤ C
[
‖v‖L2(B1)+ ‖curlv‖Hk−1(B1)+ ‖divv‖Hk−1(B1)+ ‖v ·N‖Hk+0.5(S1)
]
.
Since curlv = divv = 0, we find that
‖v‖Hk(B1) ≤ C
[
‖v‖L2(B1)+ ‖v ·N‖Hk−0.5(S1)
]
≤ C
[
‖v‖L2(B1)+ ‖∂¯(v ·N)‖Hk−1.5(S1)
]
≤ C
[
‖v‖L2(B1)+ ‖∂¯v · N‖Hk−1.5(S1)+ ‖v · T‖Hk−1.5(S1)
]
≤ C
[
‖v‖L2(B1)+ ‖∂¯2v ·N‖Hk−2.5(S1)+ ‖∂¯v · T‖Hk−2.5(S1)+ ‖∂¯(v · T)‖Hk−2.5(S1)
]
≤ C
[
‖v‖L2(B1)+ ‖∂¯v · N‖Hk−2.5(S1)+ ‖∂¯2v · N‖Hk−2.5(S1)+ ‖∂¯v · T‖Hk−2.5(S1)
]
≤ C
[
‖v‖L2(B1)+
k∑
j=1
‖∂¯jv · N‖H−0.5(S1)+ ‖∂¯v · T‖H−0.5(S1)
]
.
Again, with divv = curlv = 0, we see that ‖v · N‖Hk+0.5(S1) ≤ C‖v‖Hk(B1) 
5. Decay estimates for ‖h‖H2.5(S1)
5.1. The Fourier representation of solutions. Let G1 = G+ γq, and express
h and G1 in terms of their Fourier series:
h(θ, t) =
1√
2π
∑
k∈Z
phk(t)e
ikθ , G1(θ, t) =
1√
2π
∑
k∈Z
xG1k(t)e
ikθ .
Since q is harmonic in B1 with the Dirichlet boundary condition (26c), the Poisson
integral formula shows that
q(r, θ, t) =
1√
2π
∑
k∈Z
[ |k|2 − 1
ρ2
phk + ρ
′phk + xG1k
]
r|k|eikθ for r < 1 .
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Taking the inner product of (26) and the vector N , by (27) and that ∂q
∂N
=
∂q
∂r
∣∣∣
r=1
,
we find that
ht + ρ
′ +
1
ρ
∂q
∂r
∣∣∣
r=1
=
hθ∇q · T
ρ(ρ+ h)
∣∣∣
r=1
− hθ(w · T)
ρ+ h
∣∣∣
r=1
+
1
2π
∫
B1
f2 dx
or
ht +
1√
2π
∑
k∈Z
[ |k|(|k|2 − 1)
ρ3
+ |k|ρ
′
ρ
]
phke
ikθ = − 1√
2πρ
∑
k 6=0
|k|xG1keikθ
+
hθ
ρ(ρ+ h)
∂q
∂θ
∣∣∣
r=1
− hθ(w · T)
ρ+ h
∣∣∣
r=1
+
1
2π
∫
B1
f2 dx.
(53)
Therefore, for k 6= 0,±1 we have
dphk
dt
+
[ |k|(|k|2 − 1)
ρ3
+ |k|ρ
′
ρ
]
phk = pRk, (54)
where pRk is the Fourier coefficient of R defined as the right-hand side of (53). Note
that estimates (40) and (46) then suggest that
‖R‖H2.5(S1) ≤ C
[
‖G+ γq‖H3.5(S1) + ρ−1‖h‖H2.5(S1)‖q‖H4(B1)
+ ρ−1‖h‖H3.5(S1)‖q‖H2.5(B1)
]
≤ Cρ−1‖h‖H2.5(S1)
[
ρ−1‖h‖H5.5(S1) + ρ ′‖h‖H3.5(S1)
]
. (55)
5.2. The H2.5-decay estimate. Define
Ik(t) =
∫ t
0
[ |k|(|k|2 − 1)
ρ3
+ |k|ρ
′
ρ
]
(t′)dt′ =
∫ t
0
|k|(|k|2 − 1)
ρ(t′)3
dt′ + |k| log ρ(t) .
Then the use of Ik(t) as the integrating factor in (54) implies that
phk(t) = e
−Ik(t)xh0k +
∫ t
0
e−Ik(t)+Ik(s) pRk(s)ds
Since d(t) + 2 log ρ(t) = I2(t) ≤ Ik(t) for all |k| ≥ 2, and ρ(s) ≤ ρ(t) for all s ≤ t,
we find that
|phk(t)| ≤ e
−d(t)
ρ(t)2
[
|xh0k|+
∫ t
0
ρ(s)2ed(s)| pRk(s)|ds
]
∀ |k| ≥ 2;
thus by Ho¨lder’s inequality,∑
k 6=0,±1
(1 + |k|5)|phk(t)|2
≤ Ce
−2d(t)
ρ(t)4
[
‖h0‖2H2.5(S1) + t
∫ t
0
ρ(s)4e2d(s)‖R(s)‖2H2.5(S1)ds
]
.
(56)
Since ρ ′(t) is bounded, by (55) and interpolation we obtain that∫ t
0
ρ(s)4e2d(s)‖R(s)‖2H2.5(S1)ds (57)
≤ C
∫ t
0
e2d(s)‖h(s)‖2H2.5(S1)
[
‖h(s)‖2H5.5(S1)+ ρ(s)2ρ ′(s)2‖h(s)‖2H3.5(S1)
]
ds.
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5.2.1. The case that ρ satisfies (5). In this case, by interpolation (57) implies that∫ t
0
ρ(s)4e2d(s)‖R(s)‖2H2.5(S1)ds ≤ C
∫ t
0
‖h(s)‖16/7H2.5(S1)‖h(s)‖12/7H6(S1)ds
+ C
∫ t
0
ρ(s)2ρ ′(s)2‖h(s)‖16/5H2.5(S1)‖h(s)‖4/5H5(S1)ds.
Since ‖h(t)‖H6(S1) + ρ(t)2eβd(t)‖h(t)‖H2.5(S1) ≤ |||h|||T , we find that∫ t
0
ρ(s)4e2d(s)‖R(s)‖2H2.5(S1)ds
≤ C
[ ∫ t
0
(e(2− 167 β)d(s)
ρ(s)32/7
+
ρ ′(s)2e(2−
24
7 β)d(s)
ρ(s)34/7
)
ds
]
|||h|||4T
≤ C
[ ∫ t
0
( 1
ρ(s)11/7
+
ρ ′(s)2
ρ(s)13/7
)
e(2−
16
7 β)d(s)d ′(s)
)
ds
]
|||h|||4T ;
thus by (5), we obtain that∫ t
0
ρ(s)4e2d(s)‖R(s)‖2H2.5(S1)ds ≤ C
∫ t
0
e(2−
16
7 β)d(s)d ′(s)ds
=
C
2− 167 β
e(2−
16
7 β)d(s)
∣∣∣s=t
s=0
≤ Cβe(2− 167 β)d(t)
if 2− 16
7
β > 0 or β <
7
8
. Inequality (56) then implies that
∑
|k|≥2
(1 + |k|5)|phk(t)|2 ≤ C e
−2d(t)
ρ(t)4
[
‖h0‖2H2.5(S1) + Cβte(2−
16
7 β)d(t)|||h|||4T
]
≤ C e
−2βd(t)
ρ(t)4
[
‖h0‖2H2.5(S1) + Cβ |||h|||4T
]
, (58)
where we conclude the last inequality from sup
t>0
te2βd(t)/7 < ∞ which is a direct
consequence of assumption (5) as well.
5.2.2. The case that ρ satisfies assumption (7). In this case,
d(t) =
∫ t
0
6
ρ(s)3
ds ≤ C
∫ ∞
0
1
(1 + t)3ν−
ds <∞ ∀ t > 0;
thus d is bounded. Since
‖h(t)‖Hk(S1) + ρ(t)2−
1
2ν− ‖h(t)‖H2.5(S1) ≤ |||h|||T ,
by interpolation, (57) implies that∫ t
0
ρ(s)4e2d(s)‖R(s)‖2H2.5(S1)ds ≤ C
∫ t
0
‖h(s)‖2+2
K−5.5
K−2.5
H2.5(S1) ‖h(s)‖
6
K−2.5
HK(S1)ds
+ C
∫ t
0
ρ(s)2ρ ′(s)2‖h(s)‖2+2
K−3.5
K−2.5
H2.5(S1) ‖h(s)‖
2
K−2.5
HK(S1)ds
≤ C
[ ∫ t
0
(
ρ(s)
1−4ν−
ν−
2K−8
K−2.5 + ρ(s)
1−4ν−
ν−
2K−6
K−2.5+2ρ ′(s)2
)
ds
]
|||h|||4T .
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Note that by the definition of K, K >
64ν − 21
16ν − 6 ; thus by (7),
ρ(s)
1−4ν−
ν−
2K−8
K−2.5 + ρ(s)
1−4ν−
ν−
2K−6
K−2.5+2ρ ′(s)2 ≤ Cσ(1 + t)−σ
for some σ = σ(ν) > 1. Therefore,
te−2d(t)
ρ(t)4
∫ t
0
e2d(s)‖R(s)‖2H2.5(S1)ds ≤
Cσt
ρ(t)4
∫ ∞
0
(1 + t)−σds ≤ Ct
ρ(t)4
;
and we then conclude from (56) that
ρ(t)4
1 + t
∑
|k|≥2
(1 + |k|5)|phk(t)|2 ≤ C
[
‖h0‖2H2.5(S1) + |||h|||4T
]
. (59)
5.3. The mass and the center of mass. For x ∈ Ω(t), we write x = (x, y).
Equation (2) shows that
∫
Ω(t) = πρ(t)
2; hence,
πρ(t)2 =
1
2
∮
(xdy − ydx) = 1
2
∫ 2π
0
(
ρ(t) + h(θ, t)
)2
dθ.
As a consequence,
ph0(t) = − 1
2ρ
xh20(t) = − 1
2ρ
∑
k∈Z
phkph−k
= − 1
2ρ
[
|ph0|2 + 2ph1ph−1
]
− 1
2ρ
∑
k 6=−1,0,1
phkph−k. (60)
Moreover, by Green’s identity and the fact that that
∫
Γ(t)
HndS = 0, we see that
d
dt
∫
Ω(t)
(x, y)dA =
∫
Γ(t)
(x, y)(u · n)dS = −
∫
Γ(t)
(x, y)
∂p
∂n
dS
= −
∫
Γ(t)
∂(x, y)
∂n
p dS +
∫
Ω(t)
(x, y)∆p dx = −
∫
Γ(t)
HndS = 0.
Therefore, the center of mass of Ω(t) does not change in time; thus
x0 =
∫
Ω(t)
xdA =
∫ 2π
0
∫ ρ+h
0
r2 cos θdrdθ =
1
3
∫ 2π
0
(ρ+ h)3 cos θdθ
and
y0 =
∫
Ω(t)
ydA =
∫ 2π
0
∫ ρ+h
0
r2 sin θdrdθ =
1
3
∫ 2π
0
(ρ+ h)3 sin θdθ.
Letting x0 + iy0 = r0e
iθ0 , we see that∫ 2π
0
(
ρ(t) + h(θ, t)
)3
e±iθdθ = 3r0e
±iθ0 ;
thus
ρ2ph±1 + ρxh2±1 +
1
3
xh3±1 = 3r0e
±iθ0 .
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In particular, since xfgj =
∑
k∈Z
pfkpgj−k, we find that
ph1 =
3r0e
iθ0
ρ2
− 1
ρ
∑
k∈Z
phkph1−k − 1
3ρ2
∑
ℓ,k∈Z
phk−ℓphℓph1−k
=
3r0e
iθ0
ρ2
−
[2ph0
ρ
+
‖h‖2L2(S1)
3ρ2
+
2|ph0|2
3ρ2
]
ph1 −
(1
ρ
+
2ph0+ ph1+ ph−1
3ρ2
) ∑
k 6=0,1
phkph1−k
− 1
3ρ2
∑
|ℓ−2|≥2
ph2−ℓphℓph−1 − 1
3ρ2
∑
k 6=0,1,2
∑
|ℓ−k|≥2
phk−ℓphℓph1−k. (61)
By (58) and the Schwartz inequality,
∑
k 6=0,±1
phkph±1−k ≤ CD(t)
[
‖h0‖H2.5(S1) + |||h|||2T
]∑
k∈Z
|phk|
1 + |k|2.5
≤ CD(t)
[
‖h0‖H2.5(S1) + |||h|||2T
]
‖h‖L2(S1). (62)
On the other hand, since |phj | ≤ ‖h‖L2(S1),
∑
|ℓ−2|≥2
ph2−ℓphℓph−1 ≤ CD(t)
[
‖h0‖H2.5(S1) + |||h|||2T
] ∑
|ℓ−2|≥2
|phℓ||ph−1|
1 + |ℓ− 2|2.5
≤ CD(t)
[
‖h0‖H2.5(S1) + |||h|||2T
]
‖h‖2L2(S1), (63)
and similarly,∑
k 6=0,1,2
∑
|ℓ−k|≥2
phk−ℓphℓph1−k
≤ CD(t)2
[
‖h0‖2H2.5(S1) + |||h|||4T
] ∑
k 6=0,1,2
∑
|ℓ−k|≥2
|phℓ|
(1 + |k − ℓ|2.5)(1 + |k|2.5)
≤ CD(t)2
[
‖h0‖2H2.5(S1) + |||h|||4T
]
‖h‖L2(S1). (64)
Moreover, by assumption (29), |ph0| ≤ 2πσ ≪ 1 and ‖h‖L2(S1) ≤
√
2πσ ≪ 1. As a
consequence, (61) together with (62), (63) and (64) implies that
|ph1| ≤ CD(t)
[
‖h0‖H2.5(S1)+ |||h|||2T+ |||h|||4T
]
. (65)
A similar argument also suggests that |ph−1| shares the same upper bound as |ph1|.
Therefore, once again using the inequality |ph0| ≤ 2πσ ≪ 1, (60) together with (62)
implies that
|ph0| ≤ Cρ−1
[
|ph1ph−1|+ 1D(t)
(
‖h0‖H2.5(S1) + |||h|||2T
)
‖h‖L2(S1)
]
≤ CD(t)
[
‖h0‖2H2.5(S1)+ |||h|||2T+ |||h|||8T
]
. (66)
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Combining (58) (or (59)), (65) and (66), we conclude that
‖h‖H2.5(S1) =
[∑
k∈Z
(1 + |k|5)|phk|2
] 1
2 ≤ CD(t)
[
‖h0‖2H2.5(S1)+ |||h|||2T+ |||h|||8T
]
. (67)
Furthermore, since ∫ ∞
0
ρ(t)−3 + ρ(t)ρ ′(t)2
D(t)2 dt <∞
for D in both the slow and fast injection cases, (51) implies that∫ ∞
0
ρ(t)−3‖h(t)‖2HK+1.5(S1)dt
≤ C
∫ ∞
0
ρ(t)3‖v(t)‖2Hk−1(B1)dt+ C
[
‖h0‖2H2.5(S1)+ |||h|||4T+ |||h|||16T
]
.
(68)
6. Energy estimates in the space of higher regularity
Let ∂¯ = T ·∇ = ∂
∂θ
denote the tangential derivative. Tangentially differentiating
(21a) ℓ-times (ℓ = 0, 1, 2, 3, 4, 5) and then testing the resulting equation against
J∂¯ℓv, we find that∫
B1
J|∂¯ℓv|2dx+
∫
B1
JAji ∂¯
ℓq,j ∂¯
ℓvidx = −
ℓ−1∑
k=0
(
ℓ
k
)∫
B1
J∂¯ℓ−kAji ∂¯
kq,j ∂¯
ℓvidx.
Writing the second integral on the left-hand side as∫
B1
JAji ∂¯
ℓq,j ∂¯
ℓvidx =
∫
B1
JAji (∂¯
ℓq),j ∂¯
ℓvidx+
∫
B1
JAji
[
∂¯ℓq,j −(∂¯ℓq),j
]
∂¯ℓvidx,
then integrating by parts in xj leads to∫
B1
J|∂¯ℓv|2dx+
∫
S1
JAji ∂¯
ℓq∂¯ℓviNjdS = −
ℓ−1∑
k=0
(
ℓ
k
)∫
B1
J∂¯ℓ−kAji ∂¯
kq,j ∂¯
ℓvidx
+
∫
B1
JAji
[[
(∂¯ℓq),j −∂¯ℓq,j
]
∂¯ℓvi + ∂¯ℓq(∂¯ℓvi),j
]
dx. (69)
Using the Kronecker delta symbol δ0ℓ, which vanishes for all ℓ 6= 0, by (33), (34)
and (50) together with the continuous embedding H
p
p−2 (B1) →֒Lp(B1) we find that∣∣∣ ∫
B1
JAji
[[
∂¯ℓq,j −(∂¯ℓq),j
]
∂¯ℓvi + ∂¯ℓq
[
(∂¯ℓvi),j −∂¯ℓvi,j
]
dx
∣∣∣
≤ Cρ2(1− δ0ℓ)‖v‖Hℓ−1(B1)‖v‖Hℓ(B1),
as well as for 0 ≤ k ≤ ℓ− 2,∣∣∣ ∫
B1
J∂¯ℓ−kAji ∂¯
kq,j ∂¯
ℓvidx
∣∣∣ ≤ Cρ2‖DA‖W ℓ−k−1,4(B1)‖∇q‖Wk,4(B1)‖v‖Hℓ(B1)
≤ Cρ‖h‖Hℓ−k+1(S1)‖v‖Hk+0.5(B1)‖v‖Hℓ(B1)
and for k = ℓ− 1,∣∣∣ ∫
B1
J∂¯ℓ−kAji ∂¯
kq,j ∂¯
ℓvidx
∣∣∣ ≤ Cρ3‖DA‖L∞(B1)‖v‖Hℓ−1(B1)‖v‖Hℓ(B1)
≤ Cρ‖h‖H3(S1)‖v‖Hℓ−1(B1)‖v‖Hℓ(B1).
DECAY FOR SOLUTIONS OF HELE-SHAW WITH INJECTION 19
Therefore, (44) suggests that∫
B1
J|∂¯ℓv|2dx+
∫
S1
JAji ∂¯
ℓq∂¯ℓviNjdS
≤
∫
B1
JAji ∂¯
ℓq∂¯ℓvi,j dx+ C(1 − δ0ℓ)ρ2‖v‖Hℓ−1(B1)‖v‖Hℓ(B1) (70)
+ C(1 − δ0ℓ)‖h‖Hℓ+1(S1)‖v‖Hℓ(B1)‖v‖H1(B1).
By (21b), Aji ∂¯
ℓvi,j = −
ℓ−1∑
k=0
(
ℓ
k
)
∂¯ℓ−kAji ∂¯
kvi,j ; thus for ℓ ≥ 1,
∫
B1
J∂¯ℓqAji ∂¯
ℓvi,j dx ≤ Cρ2(1− δ0ℓ)
[
‖∇q‖Hℓ−1(B1)‖DA‖L∞(B1)‖v‖Hℓ(B1)
+ ‖∇q‖Hℓ−0.5(B1)
ℓ−2∑
k=0
‖DA‖Hℓ−k−0.5(B1)‖v‖Hk+1(B1)
]
≤Cρ(1−δ0ℓ)
[
‖h‖Hℓ+1(S1)‖v‖Hℓ(B1)‖v‖H1(B1)+ ‖h‖H3(S1)‖v‖Hℓ−1(B1)‖v‖Hℓ(B1)
]
.
We now focus on the second integral of the left-hand side of (70). By identity
(22) and the boundary condition (21c),∫
S1
JAji ∂¯
ℓq∂¯ℓviNjdS =
∫
S1
(ρ+ h)(∂¯ℓv · N )∂¯ℓqdS
=
∫
S1
(ρ+ h)
[
∂¯ℓ(v · N )−
ℓ−1∑
k=0
(
ℓ
k
)
∂¯kv · ∂¯ℓ−kN
]
∂¯ℓq dS
=
∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ
[
− J−3
h
[
(ρ+ h)hθθ
]
+ ρ ′h
]
dS
+
∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ
[
J−3
h
(
J2h + h
2
θ
)− ρ−1 + q¯]dS
−
ℓ−1∑
k=0
(
ℓ
k
)∫
S1
(ρ+ h)∂¯kv · ∂¯ℓ−kN ∂¯ℓqdS.
By employing the H0.5(S1)-H−0.5(S1) duality pairing,
∣∣∣ ℓ−1∑
k=0
∫
S1
(ρ+ h)∂¯kv · ∂¯ℓ−kN ∂¯ℓqdS
∣∣∣≤C(1 − δ0ℓ)ρ[‖v‖L4(S1)‖∂¯ℓN‖L2(S1)‖∂¯ℓq‖L4(S1)
+ (1 − δ0ℓ − δ1ℓ)‖∂¯ℓ−1v‖H−0.5(S1)‖∂¯ℓq‖H0.5(S1)‖∂¯N‖H1(S1)
+ (1 − δ0ℓ − δ1ℓ − δ2ℓ)
ℓ−2∑
k=1
‖∂¯kv‖H−0.5(S1)‖∂¯ℓq‖H0.5(S1)‖∂¯ℓ−kN‖H1(S1)
]
≤ Cρ2
[
‖v‖Hℓ(B1)‖v‖H1(B1)
[
1 + ρ−1‖h‖Hℓ+1(S1)
]
+ ‖v‖Hℓ−1(B1)‖v‖Hℓ(B1)
[
1 + ρ−1‖h‖H4(S1)
]]
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and by (37),∣∣∣ ∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓq¯dS
∣∣∣ ≤ Cρ‖v · N‖Hℓ−0.5(S1)‖q¯‖Hℓ+0.5(S1)
≤ Cρ ′‖v · N‖Hℓ−0.5(S1)‖h‖H2(S1)‖h‖Hℓ+0.5(S1).
Moreover, since
J−1
h
− ρ−1 = −2ρh+ h
2 + h2θ
Jhρ(ρ+ Jh)
and
2(ρ+ h)
Jh(ρ+ Jh)
− 1
ρ
= −
[h(2ρ+ h) + h2θ
Jh(ρ+ Jh)2
+
h2 + h2θ
Jhρ(ρ+ Jh)
]
,
we find that
−
∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ[J−1
h
− ρ−1]dS = ∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ
[ 2h
Jh(ρ+ Jh)
]
dS
+
∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ
[ h2 + h2θ
Jhρ(ρ+ Jh)
]
dS
≤
∫
S1
2(ρ+ h)
Jh(ρ+ Jh)
∂¯ℓ(v · N )∂¯ℓhdS + Cρ−2‖h‖H2.5(S1)‖h‖Hℓ+1.5(S1)‖v‖Hℓ(B1)
≤ 1
ρ
∫
S1
∂¯ℓ(v · N )∂¯ℓh dS + Cρ−2‖h‖H2.5(S1)‖h‖Hℓ+1.5(S1)‖v · N‖Hℓ−0.5(S1)
+ Cρ−2‖h‖H2.5(S1)‖h‖Hℓ+1.5(S1)‖v‖Hℓ(B1).
Finally, because of the identity
(ρ+ h)2
J3
h
− 1
ρ
= − (ρ+ h)
4(2ρ+ h)h+ 3(ρ+ h)4h2θ + 3(ρ+ h)
2h4θ + h
6
θ
J3
h
ρ
[
J3
h
+ ρ(ρ+ h)2
]
by the evolution equation (21d) we obtain that∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ
[
− J−3
h
(ρ+ h)hθθ + ρ
′h
]
dS
= −
∫
S1
J−3
h
(ρ+ h)2∂¯ℓ(v · N )∂¯ℓ+2h dS +
∫
S1
(ρ+ h)ρ ′∂¯ℓ(v · N )∂¯ℓh dS
−
ℓ−1∑
k=0
(
ℓ
k
)∫
S1
(ρ+ h)∂¯ℓ(v · N )∂¯ℓ−k[J−3
h
(ρ+ h)
]
∂¯k+1h dS
≥ 1
2ρ
d
dt
‖∂¯ℓ+1h‖2L2(S1) +
∫
S1
(ρ+ h)ρ ′∂¯ℓ(v · N )∂¯ℓh dS
− C‖h‖H2(S1)‖v · N‖Hℓ−0.5(S1)
[
ρ−2‖h‖Hℓ+2.5(S1) + ρ ′‖h‖Hℓ+0.5(S1)
]
− Cρ−1‖v · N‖Hℓ−0.5(S1)
[
‖h‖H2(S1)‖h‖Hℓ+0.5(S1) + ‖h‖2H2(S1)‖h‖Hℓ+1.5(S1)
]
.
Since div(JATv˜) = 0, by the normal trace estimate, we find that
‖v · N‖H−0.5(S1) = ‖(ρ+ h)−1JATv ·N‖H−0.5(S1)
≤ C
[
‖(ρ+ h)−1JATv‖L2(B1) + ‖∇(ρ+ h)−1JATv‖L2(B1)
]
≤ C‖v‖L2(B1)
and similarly, for 0 ≤ ℓ ≤ K− 1,
‖v · N‖Hℓ−0.5(S1) ≤ C
(
1 + ρ−1|||h|||T
)‖v‖Hℓ(B1).
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Therefore, (70) implies that∫
B1
ρJ|∂¯ℓv|2dx+ 1
2
d
dt
‖∂¯ℓ+1h‖2L2(S1) +
∫
S1
ρρ ′(ρ+ h)∂¯ℓ(v · N )∂¯ℓhdS
≤
∫
S1
∂¯ℓ(v · N )∂¯ℓhdS + C(1− δ0ℓ)ρ3‖v‖Hℓ−1(B1)‖v‖Hℓ(B1)
+ C
[
ρ−1‖h‖Hℓ+2.5(S1) + ρρ ′‖h‖Hℓ+0.5(S1)
]
‖h‖H2.5(S1)‖v‖Hℓ(B1).
By Young’s inequality, the inequality above further implies that
ρ3‖∂¯ℓv‖2L2(B1) +
d
dt
‖∂¯ℓ+1h‖2L2(S1) + 2
∫
S1
ρρ ′(ρ+ h)∂¯ℓ(v · N )∂¯ℓhdS
≤ 2
∫
S1
∂¯ℓ(v · N )∂¯ℓhdS + C(1− δ0ℓ)ρ3‖v‖2Hℓ−1(B1)+ δρ3‖v‖2Hℓ(B1) (71)
+ Cδρ
−1ρ ′2‖h‖2H2.5(S1)‖h‖2Hℓ+1(S1) + Cδρ−5‖h‖2H2.5(S1)‖h‖2Hℓ+2.5(S1).
6.1. The case ℓ = 0. Using the H0.5(S1)-H−0.5(S1) duality pairing,∣∣∣ ∫
S1
(ρρ ′(ρ+ h)(v · N )hdS
∣∣∣+ ∣∣∣ ∫
S1
(v · N )hdS
∣∣∣≤ C(ρ2ρ ′ + 1)‖v‖L2(B1)‖h‖H0.5(S1)
≤ Cδ
(
ρρ ′2 + ρ−3
)‖h‖2H2.5(S1) + δρ3‖v‖2L2(B1).
Since ∫ ∞
0
[ 1
ρ(s)3D(s)2 +
ρ ′(s)2
ρ(s)D(s)4
]
ds <∞ ,
choosing δ > 0 small enough and integrating in time of (71) over the time interval
(0, t), by (67) we find that
‖∂¯h(t)‖2L2(S1) +
∫ t
0
ρ(s)2‖v(s)‖2L2(B1)ds
≤ C
∫ t
0
ρ(s)ρ ′(s)2‖h(s)‖2H2.5(S1)ds+ C
[
‖h0‖2H2.5(S1)+ |||h|||4T+ |||h|||16T
]
.
Define
N(‖h0‖HK(S1), |||h|||T ) ≡ ‖h0‖2HK(S1)+ |||h|||4TP
(|||h|||2T ) (72)
for some polynomial function P . If (5) is satisfied, due to the exponential decay of
‖h‖H2.5(S) , it is easy to see that∫ t
0
ρ(s)ρ ′(s)2‖h(s)‖2H2.5(S1)ds ≤ CN(‖h0‖HK(S1), |||h|||T ).
Now suppose that (7) is satisfied. Then (11) and (67) imply that∫ t
0
ρ(s)ρ ′(s)2‖h(s)‖2H2.5(S1)ds ≤ C
[ ∫ ∞
0
ρ(s)1/ν
−
(1 + s)2ρ(s)
ds
]
N(‖h0‖HK(S1), |||h|||T )
≤ C
[ ∫ ∞
0
(1 + t)
ν+
ν−
(1 + t)2+ν−
ds
]
N(‖h0‖HK(S1), |||h|||T ) ≤ CN(‖h0‖HK(S1), |||h|||T );
thus in either case,
‖∂¯h(t)‖2L2(S1) +
∫ t
0
ρ(s)3‖v(s)‖2L2(B1)ds ≤ CN(‖h0‖HK(S1), |||h|||T ). (73)
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6.2. The case 1 ≤ ℓ ≤ K− 1. Define rh = h+ h
2
2ρ
. Then
ρ+ h
ρ
v · N =
[
(ρ+ h)2
]
t
2ρ
=
[
ρ2 + 2ρrh
]
t
2ρ
= rht +
ρ ′
ρ
rh+ ρ ′.
Therefore, since ‖v‖H1.5(B1) ≤ Cρ−1
[
‖h‖H4(S1)+ρ ′‖h‖H2(S1)
]
by (44), we find that∫
S1
ρρ ′(ρ+ h)∂¯ℓ(v · N )∂¯ℓhdS
=
∫
S1
ρρ ′(ρ+ h)∂¯ℓ(v · N )∂¯ℓrhdS − 1
2
∫
S1
ρ ′(ρ+ h)∂¯ℓ(v · N )∂¯ℓ(h2)dS
≥
∫
S1
ρρ ′∂¯ℓ
[
(ρ+ h)(v · N )]∂¯ℓrhdS − ℓ−1∑
k=0
(
ℓ
k
)∫
S1
ρρ ′∂¯ℓ−kh∂¯k(v · N )∂¯ℓrhdS
− Cρρ ′‖h‖H2(S1)‖h‖Hℓ+1(S1)‖v‖Hℓ(B1)
≥
∫
S1
ρ2ρ ′∂¯ℓ
(
rht +
ρ ′
ρ
rh
)
∂¯ℓrhdS − Cδρ−1ρ ′2‖h‖2H2.5(S1)‖h‖2Hℓ+1(S1) (74)
− δρ3‖v‖2Hℓ(B1) − Cρ ′
[
‖h‖H4(S1) + ρ ′‖h‖H2(S1)
]
‖∂¯ℓh‖2L2(S1).
Since ρ
√
ρ ′‖h‖H5(S1) ≤ |||h|||T ,∫ ∞
0
[
ρ ′‖h(s)‖H4(S1) + ρ ′(s)2‖h(s)‖H2(S1)
]
‖∂¯ℓh‖2L2(S1)ds
≤
∫ ∞
0
[
ρ ′‖h(s)‖H4(S1) + ρ ′(s)2‖h(s)‖H2(S1)
]
‖∂¯ℓrh‖2L2(S1)ds
+ C
∫ ∞
0
1
ρ2
[
ρ ′‖h(s)‖H4(S1) + ρ ′(s)2‖h(s)‖H2(S1)
]
‖∂¯ℓ(h2)‖2L2(S1)ds
≤ C
[ ∫ ∞
0
‖h(s)‖H4(S1) + ρ ′(s)‖h(s)‖H2(S1)
ρ(s)2
ds
]
|||h|||2T (75)
+ CN(‖h0‖HK(S1), |||h|||T )
By interpolation,
‖h(t)‖H4(S1) ≤ C‖h‖
K−4
K−2.5
H2.5(S1)‖h‖
1.5
K−2.5
HK(S1) ≤ CD(t)−(
K−4
K−2.5 )|||h|||T .
If (5) is satisfied, due to the exponential decay it is easy to see that∫ ∞
0
‖h(s)‖H4(S1) + ρ ′(s)‖h(s)‖H2(S1)
ρ(s)2
ds ≤ C|||h|||T . (76)
Suppose that (7) is satisfied. Then∫ ∞
0
‖h(s)‖H4(S1) + ρ ′(s)‖h(s)‖H2(S1)
ρ(s)2
ds
≤ C
[ ∫ ∞
0
( 1
ρ(s)2+(2−
1
2ν−
)( K−4K−2.5 )
+
1
(1 + s)ρ(s)3−
1
2ν−
)
ds
]
|||h|||T
≤ C
[ ∫ ∞
0
1
(1 + s)2ν
−+(2ν−− 12 )(
K−4
K−2.5 )
ds
]
|||h|||T + C|||h|||T .
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By the definition of K, the exponent of the integrand 2ν−+
(
2ν−− 1
2
)( K− 4
K− 2.5
)
> 1
if ν− > 3/8, so (76) is still valid if (7) holds. Therefore, (75) implies that∫ ∞
0
[
ρ ′‖h(s)‖H4(S1) + ρ ′(s)2‖h(s)‖H2(S1)
]
‖∂¯ℓh‖2L2(S1)ds
≤ C|||h|||3T + CN(‖h0‖HK(S1), |||h|||T ) ≤ Cδ1N(‖h0‖HK(S1), |||h|||T ) + δ1|||h|||2T .
Since∫
S1
ρ2ρ ′∂¯ℓ
(
rht +
ρ ′
ρ
rh
)
∂¯ℓrhdS =
1
2
d
dt
[
ρ2ρ ′‖∂¯ℓrh‖2L2(S1)
]
− 1
2
ρ2ρ ′′‖∂¯ℓrh‖2L2(S1),
the combination of (71), (74), (75) and (76) suggests that
‖∂¯ℓ+1h‖2L2(S1) + ρ2ρ ′‖∂¯ℓrh‖2L2(S1) +
∫ t
0
ρ3‖∂¯ℓv‖2L2(B1)ds−
∫ t
0
ρ2ρ ′′‖∂¯ℓrh‖2L2(S1)ds
≤ ‖∂¯ℓh‖2L2(S1) + Cδ,δ1N(‖h0‖HK(S1), |||h|||T )
+ Cδ
∫ t
0
ρ3‖v‖2Hℓ−1(B1)ds+ δ
∫ t
0
ρ3‖v‖2Hℓ(B1)ds+ δ1|||h|||
2
T
for some constant 0 < c < 1.
On the other hand, for 0 ≤ ℓ ≤ K− 1, assumption (29) and condition (5) or (7)
imply that
ρ2ρ ′‖∂¯ℓh‖2L2(S1) ≤ 2ρ2ρ ′
[
‖∂¯ℓrh‖2L2(S1) +
1
4ρ2
‖∂¯ℓ(h2)‖2L2(S1)
]
≤ 2ρ2ρ ′‖∂¯ℓrh‖2L2(S1) + Cρ ′‖h‖2H1(S1)‖∂¯ℓh‖2L2(S1)
≤ 2ρ3ρ ′‖∂¯ℓrh‖2L2(S1) + Cσ|||h|||2T
which, in turn, implies that
‖∂¯ℓ+1h‖2L2(S1) +
1
2
ρ2ρ ′‖∂¯ℓh‖2L2(S1) +
∫ t
0
ρ3‖∂¯ℓv‖2L2(B1)ds−
∫ t
0
ρ2ρ ′′‖∂¯ℓrh‖2L2(S1)ds
≤ ‖∂¯ℓh‖2L2(S1) + Cδ,δ1N(‖h0‖HK(S1), |||h|||T ) (77)
+ Cδ
∫ t
0
ρ3‖v‖2Hℓ−1(B1)ds+ δ
∫ t
0
ρ3‖v‖2Hℓ(B1)ds+ 2δ1|||h|||
2
T
if Cσ is chosen to be smaller than 2δ1.
If ℓ = 1, by (73) we find that
‖∂¯2h‖2L2(S1) +
1
2
ρ2ρ ′‖∂¯h‖2L2(S1) +
∫ t
0
ρ3‖∂¯v‖2L2(B1)ds−
∫ t
0
ρ2ρ ′′‖∂¯rh‖2L2(S1)ds
≤ Cδ1N(‖h0‖HK(S1), |||h|||T ) + δ
∫ t
0
ρ3‖v‖2Hℓ(B1)ds+ 2δ1|||h|||
2
T
which, combined with Lemma 4.1 and (73), implies that
‖h‖2H2(S1) +
1
2
ρ2ρ ′‖h‖2H1(S1) + c
∫ t
0
ρ3‖v‖2H1(B1)ds−
∫ t
0
ρ2ρ ′′‖rh‖2H1(S1)ds
≤ Cδ1N(‖h0‖HK(S1), |||h|||T ) + 2δ1|||h|||2T
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for some constant 0 < c < 1. A similar argument, again relying on Lemma 4.1,
shows that
‖h‖2HK(S1) +
1
2
ρ2ρ ′‖h‖2HK−1(S1) + c
∫ t
0
ρ3‖v‖2HK−1(B1)ds−
∫ t
0
ρ2ρ ′′‖rh‖2HK−1(S1)ds
≤ Cδ1N(‖h0‖HK(S1), |||h|||T ) + Cδ1|||h|||2T .
Finally, we look for an upper bound of
∫ t
0
ρ2ρ ′′‖rh‖2HK−1(S1)ds to close the en-
ergy estimates. If (5) is satisfied, by interpolation and the inequality ‖rh‖H6(S1) ≤
C‖h‖H6(S1),∣∣∣ ∫ t
0
ρ(s)2ρ ′(s)‖rh(s)‖2H5(S1)ds
∣∣∣ ≤ C ∫ ∞
0
ρ(s)3
1 + s
‖rh(s)‖4/7H2.5(S1)‖rh(s)‖10/7H6(S1)ds
≤ C
[∫ ∞
0
ρ(s)13/7
1 + s
e−4βd(s)/7ds
]
N(‖h0‖HK(S1), |||h|||T )≤ CN(‖h0‖HK(S1), |||h|||T ).
Now suppose that (7) is satisfied. If ρ ′′ ≤ 0, then
‖h(t)‖2HK(S1) +
1
2
ρ(t)2ρ ′(t)‖rh(t)‖2HK−1(S1) +
∫ t
0
ρ(s)3‖v(s)‖2HK−1(B1)ds
≤ Cδ1N(‖h0‖HK(S1), |||h|||T ) + Cδ1|||h|||2T .
(78)
If log ρ ′ has small total variation, then for some δ2 ≪ 1,∥∥(log ρ ′) ′∥∥
L1(0,∞)
=
∫ ∞
0
∣∣∣ρ ′′(s)
ρ ′(s)
∣∣∣ds ≤ δ2.
Since ρ
√
ρ ′ ‖rh‖HK−1(S1) ≤ |||h|||T ,∣∣∣ ∫ t
0
ρ(s)2ρ ′(s)‖rh(s)‖2HK−1(S1)ds
∣∣∣ ≤ [ ∫ ∞
0
|ρ ′′(s)|
ρ ′(s)
ds
]
|||h|||2T ≤ δ2|||h|||2T ;
thus we obtain (78) again with δ1 replaced by δ1 + δ2.
Remark 6.1. By the energy estimate (78), we see that the quantity ‖rh‖HK−1(S1)
decays at the rate
1
ρ
√
ρ ′
. This decay rate is slower than the decay of ‖h‖H2.5(S1) if
ρ grows algebraically. Thus, our approach of establishing decay in the lower-order
norm via Duhamel’s principle provides better decay than energy estimates alone.
7. The stability of the Hele-Shaw flow with injection
Combining (67), (68) and (78), by choosing δ1 > 0 small enough we conclude
that
|||h|||2T ≤ CN(‖h0‖HK(S1), |||h|||T )
or
|||h|||T ≤ C
[
‖h0‖HK(S1) + |||h|||2T + |||h|||2pT
]
(79)
for some p ∈ N, provided that condition (5) or (7), as well as the assumption
(29), are valid. The constant σ is chosen sufficiently small so as to absorb certain
error terms on the right-hand side of our energy estimates by the left-hand side
energy terms. In other words, as long as all of the constants we use in our elliptic
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estimates and the Sobolev embedding theorem are fixed, the maximum of σ is a fixed
computable number which can be chosen independent of ‖h0‖H6(S1). Inequality (79)
then implies that there exists ǫ > 0 small enough such that if ‖h0‖HK(S1) ≤ ǫ, by
the continuity (in time) of h,
|||h|||T ≪ σ. (80)
This suggests that as long as the solution exists, h has to satisfy the estimate (80),
and this establishes Theorem 1.1 and 1.2.
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